Minimum flexural reinforcement requirements have been a source of controversy for many years. The purpose of such provisions is to encourage ductile behavior in flexural members with sufficient cracking and deflection to warn of impending failure. Historically, these minimum reinforcement requirements have been intended to achieve one of two results:
• to permit such a failure only at a resistance sufficiently higher than the factored moments resulting from the specified strength load combinations These criteria are applicable to both nonprestressed and prestressed concrete flexural members. This study focuses on reinforced concrete, which for purposes of this paper includes only mild tensile reinforcement and no prestressing.
The first minimum reinforcement criterion is strictly a function of the member shape and material properties. The important parameters include the section modulus at the tension face, concrete strength, and stress-strain characteristics of the tensile steel. This criterion is not related to the actual loading on the beam. For purposes of this paper, this type of criterion will be referred to as a sectional provision
Editor's quick points
n This study summarizes the apparent origin of current minimum reinforcement provisions, examines the margin of safety provided by existing provisions, and proposes new requirements where they provide more-consistent results.
n Parametric studies compare proposed provisions with current requirements from various sources.
n Minimum reinforcement not only prevents fracture of the reinforcement at first cracking but in many cases also prevents the concrete from crushing at first cracking.
The provisions in this paper apply to determinate members only, such as simple spans and cantilevers. Indeterminate structures have redundancy and ductility inherent in their ability to redistribute moments. While such structures should also be designed for a minimum level of ductility, achieving this goal requires a different approach from that presented in this paper.
Flexural failure at minimum reinforcement levels can be initiated either by fracture of the tensile steel or crushing of the concrete at first cracking. There appears to be a misconception that minimum reinforcement is strictly intended to prevent fracture of the reinforcement at first cracking. In many cases, particularly in T-beams with a tension flange, sufficient reinforcement must be provided to engage enough compression area so that the concrete will not crush at first cracking. Tables 1 and 2 summarize the requirements for minimum flexural reinforcement from the AASHTO LRFD specifications, ACI 318-08, Freyermuth and Aalami, ASBI, and the proposal in this paper. The apparent origins of these provisions are described in the sections below.
Summary of minimum reinforcement provisions
because it relates to behavior of the section rather than to actual loading.
In some cases, such as T-beams with the flange in tension, the section modulus at the tension face can become quite large, resulting in a substantial amount of sectional minimum reinforcement. Under these circumstances, the second criterion provides some relief in that the amount of minimum reinforcement can be derived directly from the applied factored load, which can be significantly smaller than the load that theoretically causes flexural cracking. For purposes of this paper, this type of criterion will be referred to as an overstrength provision.
The primary objectives of this study were to summarize the apparent origin of current minimum reinforcement provisions, examine the margin of safety provided by existing provisions for reinforced concrete members of different sizes and shapes, and propose new requirements when they provide more-consistent results than existing provisions. Parametric studies were performed to compare the proposed provisions with current American Association of State Highway and Transportation Officials (AASHTO) LRFD Bridge Design Specifications, 1 American Concrete Institute (ACI) Building Code Requirements for Structural Concrete and Commentary (ACI 318R-08), 2 and requirements proposed by Freyermuth and Aalami 3 and the American Segmental Bridge Institute (ASBI). 4 Concrete strengths up to 15 ksi (103 MPa) and highstrength steels were included. Note: A s,min = minimum area of nonprestressed flexural tension reinforcement; b = width of compression face of member; b w = web width; d s = distance from extreme compression fiber to centroid of nonprestressed flexural tension reinforcement; f ' c = specified compressive strength of concrete; f ct = direct tensile strength of concrete; f su = specified tensile strength of nonprestressed flexural tension reinforcement; f y = specified minimum yield stress of nonprestressed flexural tension reinforcement; f r = modulus of rupture of concrete; F ct = tensile force in concrete when the extreme tension fiber has reached a flexural tension stress equal to the direct tensile strength of concrete f ct ; M cr = cracking moment; M n = nominal flexural resistance; φ = resistance factor. f r = modulus of rupture of concrete f cpe = compressive stress in concrete due to effective prestress forces only (after allowance for all prestress loss) at extreme fiber of section where tensile stress is caused by externally applied loads M dnc = total unfactored dead load moment acting on the monolithic or noncomposite section S nc = section modulus for the extreme fiber of the monolithic or noncomposite section where tensile stress is caused by externally applied loads
where f c ' = specified compressive strength of concrete
Because AASHTO LRFD specifications are in a format that unifies the design of prestressed and nonprestressed concrete, this provision is applicable to both and in any combination.
Equation (1) is consistent with the ACI 318-08 provision for prestressed concrete except for the modulus of rupture used to calculate the cracking moment. In ACI 318-08, the coefficient used in Eq. (3) is 7.5 instead of 11.7. This difference has a significant impact on minimum reinforcement and will be discussed in the section "7.5 Versus 11.7 as a Coefficient for f r ."
AASHTO LRFD specifications allow the sectional requirement of Eq. (1) to be waived if
where
This overstrength criterion is consistent with the ACI 318-08 provision for reinforced concrete.
ACI 318-08 provisions
In 1963, Eq. (5) was introduced into ACI 318 to provide a minimum amount of flexural reinforcement.
AASHTO LRFD specifications provisions
Article 5.7.3.3.2 of the AASHTO LRFD specifications states the sectional requirement of Eq. (1).
where M n = nominal flexural resistance φ = resistance factor = 0.9
where S c = section modulus for the extreme fiber of the composite section where tensile stress is caused by externally applied loads 
Freyermuth and Aalami
Note: f su = specified tensile strength of nonprestressed flexural tension reinforcement; f y = specified minimum yield stress of nonprestressed flexural tension reinforcement; M n = nominal flexural resistance; M u = factored moment; φ = resistance factor.
where 
The adopted coefficient of 3 is at the upper end of Salmon's range. The lower limit is a holdover from previous editions of ACI 318 and will govern only if the concrete strength in the compression zone is about 4400 psi (30.3 MPa) or less.
For T-beams with the flange in tension, Salmon found C to be in the range of 3.0 to 4.0. Using a value for C of 3. 
The coefficient of 6 is closer to the bottom of Salmon's range. Siess 5 argued that a coefficient of 7 should have been chosen for a more conservative requirement.
The advantage of Eq. (11) and (12) is that the minimum quantity of tension reinforcement can be determined directly with a simple closed-form solution. However, in the authors' opinion, choosing single coefficients to represent significant ranges of values will inevitably lead to variability in the margin of safety provided. Equation (5) was said to be derived by equating the capacity of a reinforced section with a plain concrete section. 5 However, because concrete strength is not a variable in this equation, and the modulus of rupture depends on the concrete strength, this equation was apparently intended to provide minimum flexural reinforcement for the prevailing concrete strengths in use at the time. This equation was updated and expanded by Salmon, 6 who derived an equation introduced into ACI 318-95 7 as shown below.
where A s = area of nonprestressed flexural tension reinforcement j = modifier for d s to estimate the moment arm between the centroids of the compressive and tensile forces in a flexural member
where S t = section modulus at the tension face of the member under consideration C = multiplier that adjusts the section modulus for different beam shapes H = overall depth of member
For rectangular members C is 1.0, and Salmon detemined a range of 1.3 to 1.6 for T-beams with the flange in compression. Equating Eq. (7) and (8) and taking j equal to 0.95 and φ equal to 0.9 results in Eq. (9) or (10).
This is similar to Eq. (11) from ACI 318-08 except that the tensile strength of the steel is used in the denominator rather than the yield strength and there is no lower limit. 
ASBI provisions
The provisions in Eq. (18) through (20) were adapted from Leonhardt 10 and proposed to AASHTO Subcommittee T-10 by ASBI. 4 The concept is that the quantity of reinforcement must be sufficient to withstand the release of the tensile force resisted by the concrete prior to cracking. The direct tensile stress of concrete f ct at cracking is estimated by Eq. (18) .
This stress is assumed to cause cracking at the extreme concrete fiber in tension and vary linearly to zero at the center of gravity of the gross, uncracked concrete cross section. For a rectangular section, the total tension force F ct can then be calculated by Eq. (19).
For nonrectangular members, the linearly varying stress must be integrated over the appropriate area bounded by the extreme tension fiber and the center of gravity of the gross, uncracked concrete cross section. 
Proposed provisions
In his report to ACI Committee 318, Siess 5 argued that the flexural capacity M n of a reinforced concrete section should simply be the same or larger than a plain section of the same dimensions and concrete strength. Siess indicated that the margin of safety is provided by strain hardening of the mild reinforcement and the resistance factor. The primary disadvantage of this method is that the section modulus at the tension face of the member must be calculated, which is not necessary with simplified Eq. (11) and (12) . However, the automated calculation methods employed today should mute such arguments.
The authors consider the argument by Siess to be persuasive with two modifications:
• Modern codes and design specifications are increasingly allowing more choices of reinforcing-steel materials and strengths. Differences in the behavior of these materials should be reflected in minimum reinforcement provisions.
• The factor of safety represented by the yield-to-tensile strength ratio should be kept constant for all grades of reinforcement.
The design strength of a flexural member is typically based on the nominal yield strength of the reinforcement, while the actual flexural strength includes strain hardening. For purposes of this study, strain hardening is the portion of the stress-strain curve where the steel stress increases beyond the yield stress with increasing strain. The peak stress is generally known as the tensile strength. Introducing a ratio of the yield to tensile strength can increase the applicability of the equation to most, if not all, grades of reinforcement including high-strength steels. Equation (21) is the proposed sectional expression.
where M cr is defined by Eq. (2) ture of the tensile reinforcement, the parametric study will show that the margins for failure by crushing of concrete are also reasonable, though full strain hardening of the steel is not achieved.
By substituting the applicable expressions into Eq. (21), a direct calculation of the quantity of minimum reinforcement can be derived. The sidebar "Derivation of Eq. (23) for Minimum Flexural Reinforcement" shows the derivation that produces Eq. (23).
For the overstrength provision, the authors propose to waive Eq. (21) if Eq. (24) is satisfied.
This is a modified version of Eq. (4), which again includes the ratio of yield to tensile-strength of the reinforcing steel. The coefficient of 2 normalizes the modifier to the traditional 1.33 for ASTM A615 Grade 60 (60 ksi [420 MPa]) reinforcement. Equation (24) ensures a consistent margin between the design strength and the actual strength for all grades of reinforcement.
Parametric studies
In the following parametric studies, minimum reinforcement quantities are calculated for a wide range of beam shapes, sizes, and material properties. Using these tensilesteel quantities, the flexural strengths of these beams are estimated with a strain compatibility analysis that uses nonlinear stress-strain relationships for both concrete in compression and steel in tension. Figure 1 shows the flexural-strength model. Note: E c = modulus of elasticity of concrete for determining compressive stress-strain curve; f c = compressive stress in concrete; f ' c = specified compressive strength of concrete; k = post-peak decay factor for concrete compressive stress-strain curve; n = curve fitting factor for concrete compressive stress-strain curve; ε c = strain in concrete; ε' c = strain in concrete when f c reaches f ' c . 1 psi = 6.895 kPa. For ASTM A615 and ASTM A706 12 reinforcement, the modulus of elasticity is assumed to be 29,000 ksi (200,000 MPa) prior to yield. After the end of the yield plateau, strain hardening is assumed to be parabolic. Figure 3 shows two curves for ASTM A615 Grade 60 (60 ksi [420 MPa]) reinforcement. Strain hardening is assumed to begin at 0.6% for both, but one reaches its peak stress f s of 90 ksi (620 MPa) at a strain of 7% (the ASTM minimum specified elongation), while the other reaches the same peak at 15% strain. The purpose of the two curves is to evaluate the effect of the shape of the stress-strain relationship on the minimum reinforcement results. All bars are assumed to fracture at their peak stress.
The two more-ductile mild steels, ASTM A615 Grade 40 (40 ksi [280 MPa]) and ASTM A706, are assumed to have relatively long yield plateaus (1.2% for ASTM A615 Grade 40 and 1.5% for ASTM A706) and peak at 15% strain. The peak stress for Grade 40 reinforcement is taken as 60 ksi (414 MPa) in light of a recent change in ASTM A615, which had previously specified a tensile strength of 70 ksi (483 MPa) for this grade of steel. For ASTM A615 Grade 75 (75 ksi [520 MPa]) reinforcement, strain hardenThe estimated flexural strengths are then compared with the theoretical cracking moment to determine the margin between cracking and flexural failure. For the purposes of this paper, the variable M sh represents the flexural capacity including strain hardening, while M cr designates the cracking moment. The safety margin SM cr is the ratio M sh /M cr . Figure 2 shows the stress-strain relationship for concrete in compression for design strengths f c ' of 4000 psi, 10,000 psi, and 15,000 psi (28 MPa, 69 MPa, and 103 MPa).
Material properties

11
These are the three strengths used in the parametric studies. Concrete is conservatively assumed to crush at a strain of 0.003.
Deformed bars conforming to ASTM A615 Grade 60 (60 ksi [420 MPa]) represent the majority of the reinforcement consumed in the United States. This type of reinforcement is used to compare the results of the five different methods. In addition, other types and grades of reinforcement are evaluated using the proposed method. Figure 3 shows the stress-strain relationships assumed in the study.
Derivation of Eq. (23) for minimum flexural reinforcement
where a = depth of equivalent rectangular compressive stress block
Substituting into Eq. (21),
Simplifying and dividing both sides by f y ,
Moving all terms to one side and regrouping, f y
Using the quadratic equation, Figure 4 plots the resulting quantities of tension steel for the five methods. Upper and lower bounds for each method are shown based on combinations of the variables described previously.
In general, the proposed method gives the lowest quantities of minimum reinforcement for both the upper-and lowerbound ranges compared to the other methods. However, Table 3 shows that the proposed method also results in the narrowest range of safety margins SM cr . The range of margins for the AASHTO LRFD specifications method is also relatively tight, but the values are overly conservative in the authors' opinion. Although the methods are similar, AASHTO LRFD specifications use a 1.2 coefficient in Eq.
(1) and a higher modulus of rupture, which account for the conservative values.
The ranges for the ACI 318-08 and Freyermuth and Aalami methods show significant variability, ranging from slightly unconservative to overly conservative. This is primarily due to the coefficient simplification discussed ing is assumed to begin at yield with a peak of 100 ksi (690 MPa) at the minimum specified elongation of 7%.
High-strength steel conforming to ASTM A1035 13 is modeled with the following exponential equation.
This equation results in the ASTM-specified 80 ksi (552 MPa) stress at 0.35% strain and a tensile strength of 150 ksi (1034 MPa) at the minimum specified elongation of 7%.
It should be noted that the properties used in the parametric study correspond to minimum acceptable values for materials used in actual construction. By necessity, commercially available materials typically exceed the properties required by specification. Consequently, the analysis that follows is conservative with respect to a completed structure.
Rectangular beams
Rectangular beams of unit width (12 in. [300 mm]), depths ranging from 12 in. to 72 in. (300 mm to 1.8 m), and con- Figure 3 . These reinforcing steel stress-strain relationships were assumed in the parametric study. The bars are assumed to fracture where the curves end. Note: 1 ksi = 6.895 MPa. cover for the ACI and Freyermuth and Aalami methods.
In the latter case, with d s as a variable in the numerators of both Eq. (11) and Eq. (17), the minimum area of flexural reinforcement decreases as the internal moment arm decreases. This is a counterintuitive result for beams that must be designed to resist the same cracking moment. The same trend can be seen for beams made of 15,000 psi (103 MPa) concrete, which provide the upper-bound steel quantities in Fig. 4 .
previously in this paper. The ASBI method results in a reasonable range for SM cr , but the upper end is higher than necessary.
It is also interesting that while the lower-bound steel quantities shown in Fig. 4 for all methods are governed by beams made with 4000 psi (28 MPa) concrete, beams with The upper bound of the proposed provision range is predictable and consistent. At full strain hardening, the stress in ASTM A615 Grade 60 (60 ksi [420 MPa]) steel is theoretically 50% higher than yield. This increase in stress, divided by the resistance factor of 0.9, results in an upper-bound ratio of 1.66. This margin will be achieved only if the strain in the reinforcement at flexural failure is sufficient to provide full strain hardening.
The dashed lines in Fig. 4 represent failure-balanced conditions, where the compressive strain in the concrete reaches 0.003 at the same time that the steel reaches its fracture strain of 0.07. Equation (26) 
For values of A s,min above these dashed lines, the concrete will theoretically crush before the mild-steel reinforcement fractures. Table 4 , which shows the pertinent data resulting from the parametric analysis at the six points labeled in Fig. 4 , illustrates this point. Only points 5 and 6 fall below the corresponding failure-balanced line. For both of these cases, the strain in the steel reaches fracture before the concrete strain reaches 0.003, and SM cr is at its 1.66 maximum. In all other cases, SM cr is less than 1.66 because full strain hardening is not achieved before the concrete crushes.
T-beams with the flange in compression
T-beams with a 4-in. Figure 5 shows the minimum reinforcement quantities resulting from the five methods.
In general, the proposed method gives the smallest quantities of minimum reinforcement for both the upper-and lower-bound ranges, except for high-strength concrete with a wide compression flange, for which the Freyermuth and Aalami method gives smaller quantities. In all cases, the quantity of minimum reinforcement required by the proposed method falls below failure-balanced conditions, so the steel will fracture at flexural failure and SM cr is essentially constant at 1.66. Table 5 shows the pertinent data for the proposed method at the points labeled in Fig. 5 .
As shown in Table 3 , the proposed method provides a consistent safety margin for the entire spectrum of cross sections, concrete strength, and cover to the reinforcement. For the other methods, evaluation of the ranges of SM cr is essentially the same as it is for rectangular beams. The AASHTO LRFD specifications and ASBI methods result in tight but overly conservative ranges, and the ACI 318-08 and Freyermuth and Aalami methods show excessive variability. Member depth H, in. Table 5 . Selected minimum reinforcement requirements for reinforced T-beams with the flange in compression using the proposed provisions Both of these trends are counterintuitive.
T-beams with the flange in tension
The T-beams described in the previous section were again examined, except that the moment was taken in the opposite direction, placing the flange in tension and the web in Table 6 . Selected minimum reinforcement requirements for reinforced T-beams with the flange in tension using the proposed provisions Again, the authors consider the safety margins provided by AASHTO LRFD specifications to be overly conservative. An example of this is provided by a 4000 psi (28 MPa), 16-in.-deep (406 mm) T-beam with a 72-in.-wide (1.8 m) tensile flange. Although a cross section with these dimensions is unlikely, it is not disallowed by the code and will be used here to illustrate a point.
The calculation of the amount of minimum reinforcement required by AASHTO LRFD specifications proved difficult because the strain in the steel was less than the tension-controlled strain limit of 0.005. This placed the beam in the transition region where the resistance factor φ varies. Manual iteration found that the required steel area of 2.38 in. 2 (1535 mm 2 ) resulted in a steel strain of 0.004, a φ factor of 0.84, and an SM cr of 2.26. It does not seem reasonable for a minimum reinforcement requirement to result in a section that is not tension controlled, especially with such a high margin between cracking and failure.
This same beam required 1.05 in. 2 (677 mm 2 ) of tension reinforcement using the proposed method, less than half that required by AASHTO LRFD specifications. The resulting safety margin of 1.20 is the lowest of all of the beams with ASTM A615 Grade 60 (60 ksi [420 MPa]) reinforcement evaluated using the proposed method. The authors compression. The mild-steel reinforcement was assumed to be placed in the middle of the flange thickness. The Freyermuth and Aalami sectional method was excluded from this study because their recommendation is to use only the overstrength provisions for T-beams with the flange in tension. Figure 6 shows the minimum reinforcement quantities resulting from the four remaining methods. All required tensile-steel quantities are above the corresponding failurebalanced conditions, so crushing of the concrete in the small area provided by the web is the dominant mode of failure. Table 6 shows the pertinent data for the proposed method at the points plotted in Fig. 6 . Table 3 lists the ranges of SM cr for all four methods. The proposed method results in the narrowest range, and the low safety margin of 1.20 is in line with the multiplier traditionally used for prestressed concrete. The ACI 318-08 range is excessively variable, resulting in unconservative margins for wide flanges and conservative margins for narrow flanges. As long as the tension flange is wider than 2b w , the flange width does not influence the required amount of minimum reinforcement in the ACI 318-08 method. Although the ASBI margins are reasonable, the upper end is unnecessarily high. range developed using a 7% peak strain. This indicates that the analysis is not particularly sensitive to the shape of the steel stress-strain curve.
Other grades of reinforcement
For the proposed method, Table 7 summarizes the ranges of SM cr for several types and grades of reinforcement allowed by the various codes and design specifications. In general, the lower safety margins are associated with steels of lower strength and higher strain capacity. However, as long as the member does not fail at first cracking, the high strain capacity of such steels would be accompanied by large deflections and significant cracking prior to failure. High-strength steels typically provide higher safety margins but at smaller strain capacities than the more-ductile steels.
In the authors' opinion, this tradeoff of higher safety margins for lower ductility is a desirable trait of the proposed method. It is conceptually consistent with the transition between tension-controlled and compression-controlled flexural members, where members of higher ductility are rewarded with a higher resistance factor.
As explained previously, the modifier of M cr in Eq. The yield strengths listed in Table 7 are generally those specified in the applicable ASTM specification. With high-strength steels, there is no defined yield plateau, think that this margin is adequate for a cross section that is unlikely to be used in practice. Beams with more-realistic dimensions have significantly higher values of SM cr . Table 3 lists the ranges of SM cr for all types of beams and minimum reinforcement provisions. For the proposed method, the values of SM cr are superimposed on the steel stress-strain curve in Fig. 7 . The lower safety margins are attributed to concrete crushing in sections where full strain hardening is not attainable, though all sections remain tension controlled (ε s ≥ 0.005, where ε s is the strain in nonprestressed flexural-tension reinforcement). In the authors' opinion, the proposed method clearly provides the narrowest and most reasonable range of safety margins and is consistent with the results of Siess's analysis.
All beams
Effect of the shape of the stress-strain curve
The previous analyses assumed that the peak stress and bar fracture for ASTM A615 Grade 60 (60 ksi [420 MPa]) reinforcement occurred at a strain of 7%, which is the minimum elongation required by the specification. In his study, Siess assumed that the Grade 60 stress-strain curve peaked at a rupture strain of 15%. For purposes of minimum reinforcement, this higher level of rupture strain is more critical to the analysis because more strain is needed for a given increase in stress. ). Assuming the ACI 318-08 maximum yield stress of 80 ksi (550 MPa), the resulting steel area is 1.566 in.
2 (1010 mm 2 ). Although the modifiers of M cr in Eq. (21) are 1.0 and 0.8 (based on a tensile strength of 150 ksi, 1035 MPa), respectively, the calculation of M n will result in essentially the same required area of minimum flexural reinforcement.
High-strength concrete
As with lower-strength reinforcing steels, lower-strength concretes generally result in lower margins of safety. Table 8 lists values of SM cr for varying concrete strengths and grades of reinforcement. As the concrete strengths increase, the safety margins also increase.
This trend is most visible for rectangular beams. The cracking strength of a beam increases as a function of f c ' , while the internal moment-resisting couple is influenced by f c ' . Depending on the shape of the beam, the effects of these and the meaning of yield becomes blurred. Section 9.4 of ACI 318-08 limits the design yield strength of flexural reinforcement to 80 ksi (550 MPa), while article 5.4.3.1 of AASHTO LRFD specifications has a limit of 75 ksi (520 MPa). In many cases, yield strengths significantly lower than the nominal yield strengths are chosen for design to comply with code-specified limits.
With respect to minimum flexural reinforcement, the concept of yield strength has little meaning. For a given concrete strength and shape of beam, the cracking moment is calculated as a fixed value. When flexural tensile steel is introduced, the actual resisting moment based on strain compatibility depends on the concrete compressive stress block, the stress-strain relationship of the reinforcement, and the moment arm between them. The yield strength does not play a role in this calculation and is used in the proposed equations only because the nominal flexural resistance M n is calculated based on an assumed yield strength. However, because f y is used on both sides of Eq. (21) and (24), they essentially (but not exactly) cancel each other out.
This point can be illustrated for ASTM A1035 highstrength steel. Technical literature from one manufacturer A rational approach to selecting the appropriate coefficient is presented by Tuchscherer et al.
14 Figure 8 shows the three types of tests that are used to evaluate the tensile strength of concrete. The concrete tensile stress at failure varies from about 4 f c ' for the direct-tension test to about 12 f c ' for the modulus-of-rupture test. This variation of results is attributed primarily to differences in the stress gradients within the specimens. As larger concrete areas are subjected to high tensile stress, the tensile strength at failure is significantly reduced. This size effect is well established in the literature. 15 Also, modulus-of-rupture test results are strongly dependent on the method used to cure the specimens.
The AASHTO LRFD specifications coefficient of 11.7 appears to have been taken from Carrasquillo et al. 16 and corresponds to modulus-of-rupture tests on 4 in. × 4 in. × 14 in. (102 mm × 102 mm × 356 mm) moist-cured beam specimens with concrete strengths from 3000 psi to 12,000 psi (21 MPa to 83 MPa). The researchers found that the modulus of rupture was reduced up to 26% for specimens that were dry cured after seven days versus moist curing up to the time of the test. Mokhtarzadeh and French 17 verified the 11.7 coefficient for moist-cured, 6 in. × 6 in. × 24 in. (150 mm × 150 mm × 610 mm) beam specimens with concrete strengths ranging from 8000 psi to 18,600 psi (55 MPa to 128 MPa). A lower coefficient of 9.3 was recommended for heat-cured concrete in this study and was attributed to drying shrinkage in the heat-cured specimens that was not present in the moist-cured specimens. relative influences will vary. For rectangular beams, the influence of the increase in compressive strength outweighs the increase in cracking strength.
For T-beams with the flange in compression, the concrete strength has little influence on the safety margin, except for narrow flanges. The large compressive area is generally sufficient to induce failure by fracture of the reinforcement, irrespective of the concrete strength.
For T-beams with the flange in tension, the increase in cracking strength is strongly influenced by the presence of the flange, while the influence of the increase in compressive strength is limited to the small width of the web. Still, the values in Table 8 show a small increase in safety margin with concrete strength. Based on these results, the authors can foresee no issues with extending the proposed method to concrete strengths of 15,000 psi (103 MPa).
versus 11.7 as a coefficient for f r
As discussed, ACI 318-08 has specified a flexural-tension modulus of rupture of 7.5 f c ' for many years and continues to specify it today for any level of concrete strength. The AASHTO LRFD specifications did the same until 2005, when an interim update adopted an upper-bound value of 11.7 f c ' for the purpose of calculating minimum reinforcement. This has had a significant impact on the required quantity of minimum-tension steel. specimens is overly conservative with respect to beams used in structures. After all, minimum reinforcement requirements apply primarily "to flexural members, which for architectural or other reasons, are larger in cross section than required for strength." 2 The value of 7.5 f c ' has been used successfully for many years in both ACI 318-08 and the AASHTO LRFD specifications and is recommended for use with the proposed method of calculating minimum flexural reinforcement.
Conclusion
Ductility is an important aspect of structural design. This paper examines five existing or proposed methods for sizing minimum flexural reinforcement in nonprestressed, statically determinate concrete beams. The goal is to provide a reasonable margin of safety between first cracking and flexural failure or, alternatively, a reasonable amount of overstrength beyond the applied factored loads.
These modulus-of-rupture specimens do not equitably represent real-world beams. Stress gradients inherent in modulus-of-rupture tests are significantly steeper than those in larger beams (Fig. 9) . Beams used in structures have significantly shallower strain gradients, placing larger areas of concrete under high tension. The modulus of rupture of such beams will be somewhere between the results of direct-tension and modulus-of-rupture tests.
All real-world beams are exposed to varying levels of shrinkage. ACI Committee 363's Report on High-Strength Concrete 18 acknowledges that the ACI 318-08 value for modulus of rupture is lower than suggested in Carrasquillo et al. but states that "for curing conditions such as seven days moist curing followed by air drying, the value of 7.5 f c ' is probably fairly close for the full strength range."
In the authors' opinion, using the upper-bound limit of modulus-of-rupture tests from small-scale, moist-cured The method proposed in this paper is based on Seiss's recommendations and provides the most reasonable margins of safety among the methods examined. It is applicable to both normal-and high-strength concrete up to 15 ksi (103 MPa) and to the types and grades of reinforcement commonly allowed in the various codes and specifications. For beams used in structures, and for both normal-and high-strength concretes, the ACI 318-08 modulus of rupture of 7.5 f c ' is recommended. Two important aspects of minimum flexural reinforcement should be emphasized:
• The provisions in this paper are intended to apply to determinate members only, such as simple spans and cantilevers. Indeterminate structures have redundancy and ductility inherent in their ability to redistribute moments. As such, the authors anticipate that less minimum reinforcement will be necessary for indeterminate structures. While such structures should also be designed for a minimum level of ductility, achieving this goal requires a different approach than presented in this paper.
• Flexural failure at minimum reinforcement levels can be initiated either by fracture of the tension steel or crushing of the concrete at first cracking. There appears to be a misconception that minimum reinforcement is strictly intended to prevent fracture of the reinforcement at first cracking. This paper presents many cases where, using the proposed method, SM cr is less than 1.66, indicting that the primary mode of failure is concrete crushing. With respect to minimum flexural reinforcement, this consideration applies to all concrete members, determinate or indeterminate, nonprestressed or prestressed, bonded or unbonded. 
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Synopsis
Minimum flexural reinforcement requirements have been a source of controversy for many years. The purpose of such provisions is to encourage ductile behavior in flexural members by providing a reasonable margin of safety between first cracking and flexural failure or, alternatively, a reasonable amount of overstrength beyond the applied factored loads. The primary objectives of this study were to summarize the apparent origin of current minimum reinforcement provisions, examine the margin of safety provided by existing provisions for reinforced concrete members of different sizes and shapes, and propose new requirements when they provide more-consistent results than those from existing provisions.
Five existing or proposed methods were included in the study. Parametric analyses show that the proposed method provides the most reasonable margins of safety among the methods examined. The study focuses on determinate reinforced concrete beams, which include only mild tensile reinforcement and no prestressing. High-strength steel and concrete were included. The study also found that, in many cases, flexural failure at minimum reinforcement levels can be initiated by crushing of the concrete rather than the fracture of the reinforcing steel.
